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Question 7 (9 marks)

8
Consider the function f(x) = e where x > 0. The graph of y = f(x) is shown in Figure 1, along with a
X
shaded region. The shaded region is bounded by y = f(x), the x-axis, the y-axis, and the vertical line x = 4.
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Figure 1

Let L4 represent a lower estimate of the area of the shaded region using four rectangles of equal width.

(a) On Figure 1, draw four rectangles of equal width that could be used to calculate Ly.

(1 mark)
(b) Calculate the value of L.
(2 marks)
(c) Explain why Ly is an underestimate of the area of the shaded region.
(2 marks)
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(d) Using an algebraic approach, determine the exact area of the shaded region.

(2 marks)

b
(e) Determine the exact value of b, where b > 0, such that / f(x)dx = 20.
0

(2 marks)
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Question 8 (10 marks)

Consider the function f(x) = x?Inx, where x > 0. The graph of y = f(x) is shown in Figure 2.
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(a) Show that f'(x) =x(2Inx+1).

(2 marks)

(b) Using an algebraic approach, determine the exact coordinates of the stationary point of y = f(x).

(3 marks)
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(c) Show that f”(x) = 2Inx+ 3.

(2 marks)

(d) (i) Use f”(x) to justify that the stationary point found in part (b) is a local minimum.

(1 mark)

(i) Using an algebraic approach, determine the exact x-coordinate of the point of inflection of y =

f().

(2 marks)
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Question 9 (10 marks)

The length of time, in minutes, that a customer spends on a call to a technical help desk can be modelled by
the continuous random variable X with probability density function

f(x) = kx(8—x)
where 0 < x < 8 and £ is a positive constant. The graph of y = f(x) is shown in Figure 3.
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3
(a) Use an algebraic approach to show that k = 756"

(3 marks)

(b) Determine Pr(X < 3).

(1 mark)
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(c) Use an algebraic approach to show that the mean of X is ux = 4 minutes.

(3 marks)

(d) The standard deviation of X is oy = 1.789 minutes (correct to four significant figures).

The help desk manager records the length of 40 randomly selected calls and finds that the mean
length of these calls is 4.42 minutes. Assume that the sample size is large enough for the central limit
theorem to apply, and that 6y = 1.789 minutes.

(i) Calculate a 95% confidence interval for the mean length of calls to the help desk.

(2 marks)

(ii)) The manager claims that the mean length of calls has increased from 4 minutes. Does the con-
fidence interval calculated in part (d)(i) support this claim with 95% confidence? Justify your
answer.

(1 mark)
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Question 10 (10 marks)

The depth of the water at a jetty, D metres, ¢ hours after midnight on a particular day can be modelled by the
function
. (Tt
D(t) =32+ 1.4sm(€)

for 0 <t < 24. The graph of y = D(t) is shown in Figure 4.
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Figure 4

(a) Determine D' ().

(1 mark)

(b) Calculate D'(4) and interpret this result in the context of the problem.

(2 marks)
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(¢c) Using an algebraic approach, determine the values of ¢ in the interval 0 < ¢ < 12 at which the depth of
the water is a maximum and at which it is a minimum.

(3 marks)

(d) A boat can leave the jetty only when the depth of the water is at least 4 metres. Determine the total
length of time, during the 24-hour period, for which the boat can leave the jetty.

(3 marks)
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(e) Dredging work is planned that will change the jetty so that the maximum depth of the water becomes 5.0
metres and the minimum depth becomes 1.4 metres, with no change to the times at which the maximum
and minimum depths occur. State the function that would model the depth of the water at the jetty after
the dredging work is completed.

(1 mark)
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Question 11 (11 marks)

For each positive integer n, consider the function
fa(x)=x"e™, x>0.

Figure 5 shows the graphs of y = fi(x), y = f2(x), and y = f3(x). For x > 0, each of these functions has
exactly one maximum turning point.
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Figure 5

(a) Show that fj(x) =x(2—x)e ™.

(2 marks)

The x-coordinate of the maximum turning point of y = f,,(x) for x > 0 is shown in Table 1 forn =1, n =2,
and n = 3.

Table 1
n 1 2 3
fn(x) xe ™~ x?e™* e *
x-coordinate of the maximum ! ) 3
turning point
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(b) Make a conjecture about the x-coordinate of the maximum turning point of y = f,(x) for x > 0.

(1 mark)
(c) Prove the conjecture that you made in part (b).
(4 marks)
n
(d) (i) Hence show that the maximum value of f,(x) for x > 0 is ( E) .
e
(1 mark)
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(ii) Determine the smallest positive integer n for which the maximum value of f,(x) is greater than
100. Give evidence to support your answer.

(3 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in this question

booklet. Make sure to label each answer carefully (e.g. 11(c) continued).
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